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Abstract. We prove that the wreath product orbifolds studied earlier by the 
first author provide a large class of higher dimensional examples of orbifolds 
whose orbifold Hodge numbers coincide with the ordinary ones of suitable 
resolutions of singularities. We also make explicit conjectures on elliptic genera 
for the wreath product orbifolds. 
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1. Introduction 

In the study of orbifold string theory, Dixon, Harvey, Vafa and Witten [|l2| 
introduced the notion of orbifold Euler number for a smooth manifold Y acted 
on by a finite group G and raised the question on the existence of a resolution 
of singularities of M/G whose ordinary Euler number coincides with the orbifold 
Euler number. The orbifold Euler number has subsequently been interpreted as 
the Euler number for equivariant isT-theory, cf. Atiyah-Segal jlj. The notion of 
orbifold Euler number has been further refined to give rise to the notion of orbifold 
Hodge numbers ^9) and more generally the stringy Hodge numbers §|. The 
orbifold Hodge numbers of an orbifold are then conjectured to coincide with the 
ordinary Hodge numbers of a suitable resolution of the orbifold. For recent related 
development, see JE|, ||, and the references therein. 

A well-known series of examples with such a property is provided by the sym- 
metric product of a surface which admits a resolution of singularities given by the 
Hilbert scheme of points. In this case the orbifold Euler number calculated by 
Hirzebruch and Hofer []l9[ matches with the Euler number of the Hilbert scheme 
found earlier by Gottsche jl5| . It is further shown by Gottsche Jl(| that the orbifold 
Hodge numbers matches with the Hodge numbers of the Hilbert scheme calculated 
by Gottsche and SoergeljlTj (also see Cheah || ) . The same method has been used 
by the second author [ p0[ , also for the calculation for higher dimensional complex 
manifolds j^] 

The wreath product orbifolds, which are generalizations of the symmetric prod- 



ucts, were shown by the first author pTl] (also see 14, 28|) to have deep connections 



with Hilbert schemes of surfaces and vertex representations of infinite dimensional 



1 Seeing the math review (99c: 14022) of JlfJ but not the paper itself when he was writing ]30| , 
the second author got the wrong impression that Gottsche proved his result by establishing the 
strong McKay correspondence for symmetric products. This misunderstanding has been clarified 
when we actually looked into the paper Jlt| during the preparation of the present paper. 
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Lie algebras. More explicitly, if Y is a smooth manifold acted upon by a finite 
group G, then there exists a natural action on the ra-th Cartesian product Y n by 
the wreath product G n (which is the semidirect product of the symmetric group S n 
and the product group G"). The orbifold Euler number for Y n /G n has been ex- 
plicitly calculated in loc. cit.. If in addition we assume that Y is a quasi-projective 
surface and X is a resolution of singularities of the orbifold Y j G, then the following 
commutative diagram 



JH ► X n /S n 



Y n /G n (Y/G) n /S n 

implies that the Hilbert scheme is a resolution of singularities of the orbifold 
X n /G n . It has been shown ]27| that if the ordinary Euler number of X equals the 
orbifold Euler number of Y/G then the ordinary Euler number of X^ equals the 
orbifold Euler number of X n /G n for all n. When G is the trivial group and X 
equals Y , one recovers the case of symmetric products. 

The purpose of the present paper is to point out that the wreath product orb- 
ifolds also provide a large class of new higher dimensional examples which verify 
the orbifold Hodge number conjecture. More precisely, we show that if Y is a 
quasi-projective surface and X is a resolution of singularities of Y/G such that the 
ordinary Hodge numbers of X coincide with the orbifold Hodge numbers of the 
orbifold Y/G, then the orbifold Hodge numbers of the orbifold Y n /G n coincide 
with the Hodge numbers of the Hilbert scheme X^ n \ which is a resolution of singu- 
larities. Our proof rely on the analysis of fixed-point set structures of the wreath 
product action on Y n (cf. |27| ). As in J|(| our calculation of the orbifold Hodge 
numbers for Y n /G n actually works for any complex G-manifold of even dimension. 

In a very recent paper M, Bryan, Donagi and Leung pointed out a series of 
examples (besides the well-known symmetric products) verifying the orbifold Hodge 
numbers conjecture. It turns out that their examples correspond to our special case 
when Y is an abelian surface, G is Z2, and X is the Kummer K?> surface. They 
remarked that most examples in literature are lower dimensional and no other 
higher dimensional examples known to them. Their remarks are largely responsible 
for us to decide to write up the results on the wreath product orbifolds which have 
been known to us for some time. We do not know any other higher dimensional 
examples which verify the orbifold Hodge number conjecture. 

To conclude we also make two explicit conjectures on elliptic genera for wreath 
product orbifolds. These are motivated and in turn generalize the work of Dijkgraaf, 
Moore, Verlinde and Verlindc on elliptic genera for symmetric products. 

The layout of this paper is as follows. In section 0, we recall the fixed-point set 
structures of the wreath product action, and the definition of the orbifold Hodge 
numbers, for both the compact and noncompact situations. In section EL we prove 



our main results, Theor em 3.1 on the orbifold Hodge numbers of wreath product 
orbifolds and Theorem 3^ on the verification of orbifold Hodge number conjec- 
ture. In section ^, we provide various examples illustrating our main results and in 
addition formulate two conjectures on elliptic genera. 
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2. PRELIMINARIES ON THE WREATH PRODUCT AND ORBIFOLD HODGE NUMBERS 

In this section, we first review the definition of a wreath product G n associated 
to a finite group G, and the descriptions of conjugacy classes and centralizers for 
G n , cf. e.g. ^3|. We also describe fixed-point sets for the action of G n on 
the n-th Cartesian product of a G- manifold, following ^7j. We then recall the 
definition of orbifold Hodge numbers, cf. [^9[ [|. 

2.1. The wreath product action on Y n . Let G be a finite group and denote by 
G* the set of conjugacy classes of G. Let G n = G x . . . x G be the direct product 
of n copies of G. Denote by [g] the conjugacy class of g € G. The symmetric group 
S„ acts on G n by permuting the n factors: s(gi, . . . ,g n ) = (sf s -i(i), ■ ■ ■ ,&,-!(„))■ 
The wreath product G n = Gl S n is defined to be the scmidirect product G n x S n of 
G n and S n , namely the multiplication on G n is given by (g,s)(h,t) = (g.s(h),st), 
where g,h € G n ,s,t £ S n . Note when G is the trivial one-element group the 
wreath product G n reduces to S n , and when G is Z2 the wreath product G n is the 
hyperoctahedral group, the Weyl group of type C . 

Given a = (<?, s) S G n where g = (g±, . . . , g n ), we write s G S n as a product of 
disjoint cycles: if z — (ii, ... , i r ) is one of them, the cycle-product gi T gi r _ x ■ ■ -gi x 
of a corresponding to the cycle z is determined by g and z up to conjugacy. For 
each c € G* and each integer r > 1, let m r (c) be the number of r-cycles in s whose 
cycle- product lies in c. Denote by p(c) the partition having m r (c) parts equal to r 
(r > 1) and denote by p — {p{c)) c ^G, the corresponding partition-valued function 
on G,. Note that ||p|| := J2ceG, \p( c )\ = J2ceG,,r>i rm r( c ) = n > where \p(c)\ is 
the size of the partition p(c). Thus we have defined a map from G n to ^(G*), 
the set of partition- valued function p = (p(c)) ce< 3 t on G„ such that ||p|| = n. The 
function p or the data {m r (c)} r ^ c is called the type of a = (g,s) € G„. Denote 
V{G*) = '^2 n > 'Pn{G. f ). It is well known (cf. e.g. |2(], ^3|) that two elements in 
G n are conjugate to each other if and only if they have the same type. 

Let us describe the centralizer Zg„(a) of a G G n , cf. [^0], ^3|, |2^]. First we 
consider the typical case that a has one n-cycle. As the centralizers of conju- 
gate elements are conjugate subgroups, we may assume that a is of the form 
a = (((7,1,... ,1),t), where r = (12... n). Denote by Z^{g), or Z^ n {g) when 
it is necessary to specify n, the following diagonal subgroup of G n (and thus a 
subgroup of G„): 

z£(g) = {((h,... > h),l)eG n \heZ G (g)}. 

The centralizer ZQ n (a) of a in G„ is equal to the product Z^{g) ■ (a), where (a) is 
the cyclic subgroup of G„ generated by a. 

Take a generic element a = (g, s) £ G„ of type p = (p(c)) c6 G», where p(c) has 
m r (c) r-cycles (r > 1). We may assume (by taking a conjugation if necessary) that 
the m r (c) r-cycles are of the form 

S«r(c) = ((3, 1, . . . ,1), (i u i, ■ ■ ■ ,iur))) 1 < " < m r (c),g e c. 

Denote g r (c) = ((g, 1, . . . ,1), (12 . . . r)). Throughout the paper, FJ c r is understood 
as the product IlceG r>v ^he centralizer ZQ n (a) of a € G n is isomorphic to a 
direct product of the wreath products 

]J ( Z Gr{9r(c)) I S mr(c) ) . 
c,r 
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Furthermore ZG r (g r {c)) is isomorphic to Z G r (g) ■ (g r (c)). 

For a G-space Y, we define an action of G n on Y n as follows. Given a = 
((gi,--- ,9n),s), we let 

(1) a.(xi, . . . ,x n ) = (ffiXg-i^), . . . ,g n x s -i( n )) 

where x\, . . . ,x n <EY . 

Next we recall the description of the fixed point set (Y n ) a for a e G n , cf. |p7f . 
Let us first look at the typical case a — ((g. 1, . . . ,1),t) G G„. Note that the 
centralizer group Zc(g) preserves the g-fixed point set X 9 . The fixed point set is 

{Y n ) a = {{x,... ,x)£Y n \x = gx} 

which can be naturally identified with Y 9 . The action of Zc n (a) on (Y n ) a can be 
identified canonically with that of Za(g) on Y 9 together with the trivial action of 
the cyclic group (a). Thus (X n ) a / Zc n (a) can be identified with X 9 /Za{g). 

All Zc(g) are conjugate and all X 9 are homeomorphic to each other for different 
representatives g in a fixed conjugacy class cgG,. Also the orbit space X 9 /Zc(g) 
can be identified with each other by conjugation for different representatives of g 
in c G G*. We agree to denote Z G (g) (resp. Y 9 , Y 9 /Z G {g)) by Z G (c) (resp. F c , 
Y c / Zg{c)) by abuse of notations. Similar remarks apply to other situations below 
when the choice of representatives in a conjugacy class is irrelevant. 

For an element a € G„ of type {m r (c)}, the fixed-point set (Y n ) a can be nat- 
urally identified with Y\ c r {Y c ) mr ^ c \ Furthermore the orbit space (Y n ) a / Zg„ (a) 
can be naturally identified with 

(2) Y[S m ^(Y c /Z G (c)) 

c,r 

where S m (X) denotes the m-th symmetric product X m /S m . 

2.2. Definition of orbifold Hodge numbers. Let Y be a compact complex 
manifold of complex dimension d acted on by a finite group G of automorphisms. 
For each conjugacy class c = [g] € G*, let Yf ,■ ■ ■ , Y^ be the connected components 
of the fixed-point set Y 9 . Zaslow Q defined a shift number F 9 associated to each 
component Y 9 as follows. On the tangent space to each point in Y 9 , g acts as a 
diagonal matrix diag(e 27rv/ ^ T01 , • • • , e 27r v^T0d) ; w here < 0j < 1. Then 

i=i 

In general, F 9 is just a rational number. However, there are many occasions when 
it is an integer, e.g., when g acts on the tangent space by a matrix in SL(n,<C). 

Remark 2.1. In the case when Y is a complex surface, the shift F 9 is an integer 
only if the component Y 9 is either an isolated point or two dimensional. Indeed 
a finite subgroup G of GL{2, C) acting on C 2 has integer shifts if and only if 
G lies in SL(2, C). That is, the shift -Fjf = 6>i + #2 is an integer if and only if 
det g = e 27r v / ^T( e i+ £, 2) _ 1 

In the case all the shifts are integers, the orbifold Hodge numbers of the orbifold 
Y/G are defined to be 

(3) h'>*(Y,G) = £ £ h s - F ^- F ^(Yl/Z(c)). 

cEG, a c =l 
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The ordinary Dolbeault cohomology for an orbifold is given by (cf. Satake p5fl ) 

(4) H*'*{Y/G) =H*>*{Y) G . 

Clearly the orbifold Hodge numbers can now be regarded as the dimensions of the 
corresponding orbifold cohomology groups (cf. |2^, |3(| ) 

(5) H* *(Y, G) = £ H*<*(Yl/Z c ){FZ c }. 

cGG, q c = 1 

Here and below we adopt the convention that if V = ® s .t£zV s,t is a bigraded vector 
space, then l^{n} is the bigraded vector space with (V{n}) s,t = v s ~ n,t ~ n . 
It is convenient to form the generating function of bigraded spaces 

H{Y,G-x,y) = Y J H s <\Y 1 G)x s y t , 

s,t 

whose graded dimension is given by the orbifold Hodge polynomial 
h(Y,G:x,y)=Y / ^ t (Y,G)x s y t . 

s,t 

Then we can rewrite the definition of orbifold cohomology groups as 

(6) H(Y,G;x,y) = ]T H(Yl/Z c ; x, y){F^} 

c£G, a c = l 
N c 

= E H(Yl/Z c ;x,y)(xy) F ^. 

cGG, a c = l 

For later use we define the orbifold virtual Hodge polynomial 

e(Y, G- x, y) = ^(-1)*+*^ (F, G)x s y 4 . 

We also define the usual virtual Hodge polynomial for the Hodge numbers h s > l (Y) 
associated to smooth Y by letting e(Y; x, y) = J2 S t {—t) s+t h s ' t (Y)x s y t . 

2.3. The definition of orbifold virtual Hodge numbers. We now indicate 
how to extend the above definitions to the case of smooth quasi-projective varieties 
by using Deligne's theory of mixed Hodge structures |j| . Recall that a (pure) Hodge 
structure of weight m on a complex vector space H with a real structure is a direct 
sum decomposition: 

s+t— m 

such that H ' = H t s for all pairs (s,t). A mixed Hodge structure (MHS) on H 
consists of two nitrations 

C • ■ ■ C Wm-x CW m C W m+1 C ■ ■ • C H, 

the 'weight filtration', and 

HD ■ • O F'P- 1 D F p D F p+1 D ■ ■ ■ D 0, 
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the 'Hodge filtration', such that the filtration induced by the latter on Gr m (W*) 
W m /W m -i defines a Hodge structure of weight m, for each m. 
Define 



r ,t =F s n Ws+t n 



f* n w s+t + F ^ l+1 n w s+ t-i 

i>2 



Then I s '' C W s +t maps isomorphically to the (s,i) component in Gr s +t(W*). One 
can show that 

f(ff) = 00/«' t (ff), jm#) = r^H). 

s'>6* t s+t<m 

It can be shown that {I s '*} is a splitting of H characterized by the property that 

jM^Jm mod j«',t' 
y s'<s,t'<t 

(cf. ||). We will refer to this splitting as the canonical splitting. Define 

h s > t {H)= dim I S ^(H). 

Let V = ©fc>o^ fe be a graded vector space, with dim V k < oo for all k. Assume that 
each V k is endowed with a MHS. We will refer to such a space as a graded vector 
space with MHS. The virtual Hodge numbers and the virtual Hodge polynomial of 
V are defined by 

e^iV) = ^2(-l) k h 3 ' t {V k ), 

k>0 
s.t 

Alternatively, we have the splitting: 

k>0 s,t 

Consider the generating function 

k>0 s,t 

Then e aJi j,(V r ) = e X:Vt -i(V). We will use the following convention: for a graded 
vector space with MHS V = (Bk>oV k and a positive integer n, V{n} is the graded 
vector space with MHS such that for each k, 

W m (V k {n}) = W m „ 2n (V k {n}), FP(V k {n}) = FP- n (V k {n}). 

It is straightforward to see that e s,t (V{n}) — e s ~ n ' t ~ n (V), and so 

(V{n}) = (xy) n e x , v (V). 

Deligne || has shown that for an arbitrary complex algebraic variety Y, the 
cohomology H k (Y) carries a MHS which coincides with the classical pure Hodge 
structure in the case of smooth projective varieties. Hence one can define the virtual 
Hodge number of Y 

e s ' t (Y) = e s ' t {H*(Y)) 
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and the virtual Hodge polynomial of Y 

e(Y;x,y)=e Xty (H*(Y)), 

Assume that (Y, G) is a pair consisting of a smooth quasi-projective variety Y 
and a finite subgroup G of automorphisms of Y . Then by functorial property there 
is an induced action of G on the MHS on H*(Y) by automorphisms. By taking the 
invariant parts, we obtain a MHS on each H k (Y/G). One can also achieve this by 
taking a smooth compactification Y such that D = Y — Y is a divisor with normal 
crossing singularities and such that the G-action extends to Y. Then the MHS 
on H*(Y/G) is obtained by using (Cl Y (D)) G , the invariant part of the complex of 
differential forms with logarithmic poles. Using the above MHS on H*(Y/G), we 
can now define e p,q (Y/G). Similar to the closed case (cf. (||)), we define the orbifold 
virtual Hodge number as follows: 

N B 

e**(Y,G) = J2 £e-^-^ ( y Q yz( c )). 

c6G» Qc = l 

We also define the orbifold virtual Hodge polynomial: 

e{Y,G-x 1 y) = Y J z S '{Y,G)x s y t . 

s,t 

It is clear that e(Y, G; x, y) is the virtual Hodge polynomial of 

N 

H*(Y,G)= ]T H*(Yl/Z(c)){Fl} 

ceG, a c =l 

(cf (||)), where both sides are understood as graded vector spaces with MHS. 

Remark 2.2. One can replace H*(Y) by the cohomology with compact support 
H*(Y) in the above definitions. 

3. The orbifold Hodge numbers of wreath product orbifolds 

In this section, we calculate explicitly the ordinary and orbifold Hodge numbers 
of wreath product orbifolds Y n /G n associated to an even-dimensional orbifold Y/G. 

3.1. Two simple lemmas. Let V = ® s ,t£i, + V s,t be a bigraded complex vector 
space, such that dimV 3 ^ < oo for all s,t, where Z + is the set of non-negative 
integers. We introduce the generating function 

h x jV) = £ (dimV s 'Vy*. 

For example, when V is the total Dolbeault cohomology group H(Y), then h Xjy (V) 
is its associated Hodge polynomial h(Y;x,y). When V is the total orbifold Dol- 
beault cohomology group H(Y,G), then h xs (V) is its associated orbifold Hodge 
polynomial h(Y,G;x,y). It is actually more convenient to work with e XjV (V) = 
h- x> - y (V). It is easy to see that 

e x , y (Vi © V 2 ) = e Xty (Vi) + e x , v {V 2 ), 

e x ,y(Vi ® V 2 ) = e X: y(V 1 )e x .y(V 2 ). 

The graded symmetric algebra of V is by definition 

S(V) = T(V)/I 



8 



WEIQIANG WANG AND JIAN ZHOU 



where T(V) is the tensor algebra of V, I is the ideal generated by elements of the 
form 

v <8> w - (-l) (s+t){p+q) w ® v, v e V s '\ w £ V p q . 

The bigrading on V induces a bigrading on T(V) and also on S(V), and hence 
e x,y(S(V)) makes sense. Note that for bigraded vector spaces V\ and V2, we have 
S(Vi © V 2 ) = S(Vi) ® S[V 2 ). Consequently, 



(7) e XtV {S{V x 8 V 2 )) = e a , !/ (5(F 1 ))e x , !/ (S(y 2 )). 

By introducing a formal variable q to count the degree of symmetric power, we 
can write formally S(qV) — S n >o S n (V)q n . By breaking V into one-dimensional 
subspaces, one can easily prove the following. 

Lemma 3.1. For any bigraded vector space V = © s ,t>oV s '' with dim^ s '* < 00 for 
all pairs (s,t), we have 



n>0 



(1 -a;V<?) eS,t ( y ) : 



where e s >\V) = (-l) s+t dim^ s <*. 



For a formal power series 5Zr>o ^rQ r , where each V r is a bigraded vector space 
of weight r such that dim V^* < 00, define 



r>0 m>0 ^TLi im.j=m j=l 

Formally we have 
and 



r>0 r>0 



Then the next lemma follows from Lemma 3.1 



Lemma 3.2. For a sequence {V n } of bigraded vector spaces, we have the following 
formula: 



Remark 3.1. Using the canonical splitting, it is fairly straightforward to generalize 
Lemma 3.1 and Lemma 3.2 to the case of vector spaces with MHS. 
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3.2. The main theorems. Since G n is a normal subgroup of the wreath product 
G n — G n x S n , it is easy to see by (0) that 

H(Y n /G n ;x, y) S H(Y n ;x, y) G ^ s - £* S n (H(Y; x, y) G ) £* 5 n (i7(r/G; x, y)). 

When Y is a compact complex manifold, this is an isomorphism of bigraded vector 
spaces; when Y is a quasi-projective smooth variety over C, this is an isomorphism 



of graded vector spaces with MHS. As a consequence of Lemma 3.1 and Remark 3.1 
we obtain the following proposition. 

Proposition 3.1. If Y is a compact complex manifold or a quasi-projective smooth 
variety, and G is a finite subgroup of automorphisms on Y , then we have the fol- 
lowing formula: 



J2e(Y n /G n ;x,y)f 



1 



n>0 s,t 

The first main result of this paper is the following theorem. 

Theorem 3.1. Given a compact complex manifold or a smooth quasi-projective 
variety Y of even complex dimension d, acted on by a finite group G with integer 
shifts, we have the following formula for the orbifold Hodge numbers: 



(8) 



OO 

E 



e{Y n ,G n -x,y)q n = W\{— - - 



1 



(1 - x s y t q r (xy)( r - 1 '> d / 2 ) eB ' t ( Y ' G ) ' 



r—1 s,t 

Proof. We first compute the shifts F c for the orbifold Y" /G n associated to a con- 
jugacy class c in G n . Consider the typical class containing 

gla n = •• , 1), (12 ■••n)) 

where g G G. Recall from the previous section that a fixed point in Y n by the 
action of g I a n is of the form (x, . . . ,x) where x S Y 9 . Since the calculation can 
be done locally, we will assume that we take local coordinates (z\, ■ • • , Zd) near a 
point x G Y 9 such that the action is given by 



g(z u ■■■ ,z d ) = {e 2 ^- Wl Zl , • • • , e 2 ^- ie "z r , z r+1 , 
Equivalently, g is locally given by the diagonal matrix diag(e 27r " 



-101 



• , e 



2ttv 



-16 i 



where 9 r +i = • • • = Od = 0. Then on Y n near (x, 
diagonal matrix with blocks of the form 



) 

, x) , g I a n is given by a block 



/ 



271 V 



1 ••• \ 

1 ••• 



••• 1 

> o J 

The characteristic polynomial of this matrix is A" — e v/ ^ T6 ' J , hence it has eigen- 
values 

A ife = e W=T(0 3 +fc)/n k = (),■■■ ,n-l. 

Notice that Xjk = 1 if and only 6j = k = 0. So the shift for the component of 
(Y n ) 9><Tn containing (x, . . . ,x) is given by 
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F ^( X ,..., X ) = EE^ + (^)E 

j=l k=0 k=l 
r 

= E °i + ( n - l ) d i 2 = F «< + ( n - 



3 = 1 



Here we have assumed that x E Y 9 lies in the component Y 9 (a c — 1, . . . , N c ), 
and F£ is the shift for the component Y£ / 'Zc{c). 

For a general conjugacy class containing an element a of type 



p = {m r (c)} r 



>l,c6G.i 



where J2 r c rm r(c) = n, the description of the fixed-point set (Y n ) a given in (||) 
implies that the components for (y™) a can be listed as 



(nkw)=nn s m ^\Yi/z G ( C )), 



where (m riC (l), . . . , m r , c (N c )) satisfies X^ c =i m rtC (a c ) = m r (c). Then the shift for 
the component [Y n )'f m , a ^ is given by 



(9) F {mrAae)} = E E m rAac) (F^ +(r- l)d/2) 

r,c ct c — 1 



By using (§), @, (g) and (@) we have 
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J2H(Y n ,G n ;x,y)q n 

oo N c 

= E ^^H(S m ^(Yl/Z G (c));x,y){F {mrAac)} } q ^ 

n=0 {m r (c)}£V n (G*) r,c ex c =l 
oo 

= E 

n=0 {m r (c)}eV n (G,) 

(g) (g) S m rAaa) ( H (Yl/Z G (c);x,y){Fl + (r - l)d/2}) q n 

r,c q c — 1 

= E (8) 5 " lrc f H(Yl/Z G (c);x,y){Fl + (r - l)d/2}A 

{m r (c)} r,c \ct e = l / 

- J2 ® Smr f0 H(Yl/Z G (c);x,y){F^ + (r-l)d/2} q r ) 



{m r } r 



where we let m r = m r (c) 



{m r } r>l 

= slj2H(Y,G;x iy ){(r-l)d/2}q r 

\r>l 

Namely we have proved that 



J2 H(Y n , G„; x, y)q n = S ( £ G; y){xy)^ d ' 2 q r j , 

n>0 \r>0 / 



which implies immediately the theorem by means of Lemma p.2[ □ 
Remark 3.2. When G is trivial and Y is an algebraic surface, Theorem 3.1 recovers 



the orbifold Hodge numbers for the symmetric product Y n /S n which was calculated 
in (Tg], ||(| . On the other hand, if we set x = y = 1 we recover the orbifold Euler 
numbers for Y n /G n which was first computed in [^?J for any topological space Y. 

Remark 3.3. In the above we have constrained ourselves to the case that the shift 
numbers are integers. Physicists are also interested in the case of fractional shift 
numbers (see e.g. Zaslow H^]). It is straightforward to generalize our result. 

3.3. Some consequences. We assume that Y is a quasi-projective surface acted 
upon by a finite group G, and that X is a resolution of singularities of the orbifold 
Y/G. We denote by jW the Hilbert scheme of n points on X. It is well known 
(cf. IJ, H|) that the Hilbert-Chow morphism iM -> X n /S„ is a resolution of 
singularities. Indeed it is crepant. We have the following commutative diagram [B7) 
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XN > X n /S n 



Y n /G n (Y/G) n /S n 

which implies that the Hilbert scheme is a resolution of singularities of the 
orbifold X n /G n . 

As calculated in |l7]] and ||, the Hodge numbers for the Hilbert scheme X^ are 
given by the following formula: 

oo OO 

^ ^[1,7 {1- x s y t q r (xy) r 1 ) e W 

Here and below we use the cohomology with compact supports. 



By comparing with Theorem 3.1 we obtain the following theorem which provides 
us a large class of higher dimensional examples which verify the orbifold Hodge 
number co nject ure (cf. J|(| |2f| ||, The assumption of the theorem is necessary 
by Remark |2.l| . 

Theorem 3.2. Let Y be a smooth quasi-projective surface which admits a G-action 
with only isolated fixed points. Assume that tt : X — > Y/G is a resolution such that 
e(X;x,y) = e(Y 1 G;x,y). Let X< ■ be the Hilbert scheme of n points of X . Then 
for all r, s we have 

h r ' s (X^) = h r > s {Y n ,G n ). 

Remark 3.4. When G is trivial and X equals Y, we recover the theorem of |30f . 
We will see later many interesting examples arise when G is not trivial. 

More generally if Y has dimension greater than 2, there is no such a favorable 
resolution as Hilbert scheme for Y n /G n . Nevertheless we have the following inter- 
esting corollary of Theorem [Tl]. Here we assume that the shifts are integers for the 
orbifold Y j G so that its orbifold Hodge numbers are well defined. 

Corollary 3.1. Let Y be a smooth variety of even dimension acted on by a finite 
group G of automorphisms, and n : X — > Y/G is a resolution such that h s,t (X) = 
h s,t (Y, G) for all s, t, then for all s, t we have 

h s ' t {X n ,S n ) = h s '\Y n ,G n ). 

4. Examples and applications 
In this section we provide various concrete examples which satisfy the assump- 



tions of Theorem p.l| and Theorem 3.2. We also give explicit conjectures on the 



elliptic genera for the wreath product orbifolds. 
4.1. Various examples. 

Example 4.1. When G is trivial and X equals Y, this gives us the example of 
symmetric products ||^] . 
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Example 4.2. Y is C 2 , G is a finite subgroup of <SX 2 (C), and X is the minimal 
resolution of C 2 /G. The exceptional fiber consists of |G* | — 1 irreducible components 
which are (— 2)-curves (cf. e.g. |L5^]). We have 

( 1, s = t = 0, 

/i s >*(X)=^ |G*|-1, s = t=l, 
[ 0, otherwise. 

On the other hand, for any non-trivial conjugacy class c £ G*, the correspond- 
ing shift is 1 and thus makes a contribution to h 1:1 (C 2 ,G) which results that 
h}< l {C 2 ,G) = |G*| - 1. The other /i s <*(C 2 ,G) can be also seen to coincide with 
h^iX). 

This example has played a key role in the connections between the wreath prod- 
uct orbifolds and the vertex representations of affine and toroidal Lie algebras 




Example 4.3. (Bryan-Donagi-Leung jjj) Let Y be an abelian surface (two dimen- 
sional torus). The Z2-action induced by the involution r : x — > — x has 16 fixed 
points, at each of which the shift F T is 1. So the twisted sectors contribute an 
extra 16 to h ' . Write Y = C 2 /L for some lattice L, and let (zi, Za) be the linear 
coordinates on C 2 . Then H*'*(Y) is generated by dz 1 , dz 1 , dz 2 , dz 2 . The action of 
r just takes dzJ to — dzJ , etc. Hence it is clear that 



H *,*(Yf 



C © Cdz 1 A dz 2 © (ffi 2 k=1 Cdz j A dz fc ) 
©Cciz 1 A dz 2 ffi Cdz 1 A dz 2 A dz 1 A dz 2 . 



Therefore, 



1- 

20, 
1, 
1- 
0. 



t = 0, 

i = l, 

2, t = or s 
t = 2, 



0,t = 2, 



otherwise. 



The minimal resolution X — > Y/ ± 1 is a crepant resolution, where X is a K3 
surface. This is the famous Kummer construction. By the well known Hodge 
numbers of a K3 surface, we have ^^(X) — Z2) for all s,t. 

Example 4.4. Let Z 3 act on CP 2 by 

a- [zo : z\ : z 2 ] = [az : a~ 1 zi : z 2 ], 
where a is a generator of Z3 and identified with a cubic root of unity on the right- 
hand side. This action has three fixed points: po = [1 : : 0], pi = [0 : 1 : 0], and 
P2 = [0 : : 1]. At these point, the weights of the action are (1, 2), (2, 1), and (1, 2) 
respectively. It is then straightforward to see that for g 7^ 1 we have 

3 3 

Therefore, 

2 2 
J ff*^(CP 2 ,Z 3 ) = i7*'*(CP 2 ) Z3 00i/^*fe) z Hl}00ff*"fe) Z3 {l} I 

j=0 j=0 
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and hence 

/i s ^(CP 2 ,Z 3 ) 



1, s = t = 0, 

7, s = i=l, 

1, s = i = 2, 

0, otherwise. 



The minimal resolution X = CP2/Z3 is obtained by replacing each singular point 
by a string of two (— 2)-curves, each of which contributes 1 to h ' , hence h ' of 
CP2/Z3 is 7. This resolution is a crepant resolution. 

Example 4.5. Let n > 2 be an odd number, Consider the action of Z„ on CP3 
given by 

a ■ [z : zi : z 2 : z 3 ] = [z : Z\ : az 2 : a~ 1 z 3 ], 
where a is a generator of Z„. It has a fixed line {[zq : z\ : : 0]} and two isolated 
fixed points [0:0:1:0], and [0:0:0:1]. Let Y m n be the Fermat surface defined 

by 

= 



111 



The above action preserves Y m , ni with mn isolated fixed points: 



[1 : e (2*+l)W=I/(»»n) • q : 0], k = 0, . . . , mn - 1. 
Note the action is semi-free, i.e. the stabilizers are either trivial or the whole group 
Z n . Near each of the fixed points, say [1 : e Trv/ ~ T /("" i ) : : 0], Y m ,n is given by the 
equation 

1 + u n x + u 2 l + w 3 l = 0, 
where Uj — Zj/zo- We can use (1*2,113) as local coordinates, then Z„ acts with 
weight (1,-1), i.e., Z„ acts locally by matrices in SX(2, C). Therefore, Y m , n /Z n 
admits a crepant resolution obtained by replacing each isolated singular point with 
a string of n — 1 copies of (— 2)-curves. 

Example 4.6. Denote now by f3 a generator of Z4. Consider the Z4-action on CP3 
given by 

P ■ [z : 21 : z 2 : z 3 ] = [z : Z\ : V^Tz3 : \f-\z%\. 



Combined with the Z„-action in Example 4.5, we get an action of the binary dihc 



dral group D* on CP3 which preserves Y^ m ^ n . By the same method as in Example 



4.5 one can find the fixed points and sees that Y^^j D* n admits a crepant resolu- 



tion. 



Example 4.7. The method of Example 4.5 and Example 4.6 can be generalized 



to other finite subgroups of SL(2, C). Given such a group G, let it act on C on 
the last two factors. This action induces an action on CP3. Now consider a smooth 
hypersurface Y defined by an equation of the form 

f(z ,zi)+g(z 2) z 3 ) = 0, 

where / and g are two homogeneous polynomials of the same degrees, and g is an 
invariant polynomial for G. Using the explicit description of the G-action on C 2 
and the invariant polynomials (see e.g. Klein one can find many examples 

which admits crepant resolutions. One should be able to find more examples by 
considering complete intersections in (weighted) projective spaces. 
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Example 4.8. More complicated examples can be found in two papers by Barlow 
(2[ , e.g. the quotient of a Hilbert modular surface by Z2 or £>io, or the quotient 
of a complete intersection of 4 quadrics in CPg by a group of order 16, or the 
quotient of a Godeaux-Reid surface by an involution. 

4.2. Conjectures on elliptic genera of wreath product orbifolds. Let Y be 

a compact Kahler manifold of complex dimension d, denote by TY (resp. T*Y) its 
holomorphic tangent (resp. cotangent) bundle. Consider the formal power series of 
vector bundles: 

Eg, y (Y) = y-i (g) (A_ yff »_ 1 (T*Y) ® A_ y - lqn (TY) ® S qn (T*Y) ® S q n (TY)) . 

n>l 

If we write 

m>0,l 

we easily see that each i? m ,j is a holomorphic bundle of finite rank, hence one can 
consider its Riemann-Roch number 

c(m,l) = X (E m .i(Y)) = ^(-l) fc dim H k (Y, E rn4 (Y)). 

fe>0 

The generating function 

X{Y;q,y)= £ q m y l x(E m , l (Y))= X (E q , y (Y)) 

m>0,l 

is called the elliptic genus of Y (cf. jl8|, |2^|). In the very important special case 
when q = 0, one recovers the Hirzebruch genus: 

E , y (Y) = y-iA_ y (T*Y), 

X (Y; 0,2/) = y-ix-vOO = E (-^'(-v)'^'*^). 

s,t>0 

We do not know of a good mathematical formulation of elliptic genera for orb- 
ifolds. However physicists have interpreted elliptic genera as partition functions of 
supersymmetric sigma models, which makes sense also for orbifolds (cf. |§ 
and references therein). Based on physical arguments and the description of fixed- 
point sets for the symmetric group action on Y n , Dijkgraaf et al |Tl[| derived a 
formula for the elliptic genera of the symmetric products S n (Y) in terms of that 
of Y. In the case of a K3 surface or an abelian surface, they also conjectured that 
the same formula should compute the elliptic genera of the Hilbert schemes. Their 
method, if can be made mathematically rigorous, should also provide the proof of 
the following conjectures with suitable modifications. (In the following we denote 
by x(Y) G; q, y) the elliptic genera of an orbifold Y/G. ) 

Conjecture 4.1. Let Y be a Kahler G-manifold. If we write the elliptic genus for 
Y/G as x(Y, G; q, y) — Y^,m>o 1 c ( m ' 09"Vi then the elliptic genus for the wreath 
product orbifold Y n /G n is given by the following formula: 



J. J_ fl yjriQmyl\c{nm,l)' 

n>0,m>0,l V ' 



Y,P N x(Y N ,G N ;q,y) = 

N=0 
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Conjecture 4.2. Let Y be a Kahler G-surface. We assume that X is a resolution 
of singularities of Y/G such that x(X> G; q, y) — xC^i q 7 y)- Then G n ;q, y) — 

x(XW ;gj y)foraUn. 

When G is trivial, one recovers the symmetric product situation as in pjj. In 



this case, the q — version of Conjecture 4.1 has been verified in [|30| as a corollary 
of the calculation of orbifold Hodge numbers. Similarly, our results in Section || can 
be viewed as supporting evidence for the above conjectures in the general setup of 
wreath product orbifolds. 

Note added. In a recent remarkable paper || , Borisov and Libgober have intro- 
duced the mathematically rigorous notion of orbifold elliptic genera among other 



things, and verified our Conjecture 4.1 
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